This study aimed to develop theoretical models to accurately predict the in-plane (longitudinal) and out-of-plane (thickness-wise) modes of the electromechanical impedance spectroscopy (EMIS) of a piezoelectric wafer active sensor (PWAS). Two main electrical assumptions are applied for both in-plane and thickness mode PWAS-EMIS in one-dimensional simplified analytical models. These assumptions are 1) constant electrical field assumption and 2) constant electrical displacement assumption. The analytical models with two assumptions are compared with one another to understand the prediction accuracy of the models in different vibration modes. Coupled field finite element analysis (CF-FEA) is also conducted with 2D PWAS model under stress-free boundary conditions. The simulations of the simplified analytical models for free PWAS-EMIS under these two assumptions are carried out. The analytical models are validated by corresponding finite element simulations as well as experimental measurements.
Introduction
Piezoelectric wafer active sensor (PWAS) is a light-weighted, inexpensive, unobtrusive, minimally intrusive sensor requiring low-power. PWAS is made of piezoelectric ceramic with electric field polarization, E , 3 across the electrodes deposited on both surfaces. It has recently been extensively employed in many applications for structural health monitoring (SHM) and non-destructive evaluations (NDE).
The intrinsic electro-mechanical impedance spectroscopy (EMIS) of PWAS is an important dynamic descriptor for characterizing the sensor prior to its installation on a structure. EMIS method has been widely used to determine the dynamic characteristics of a free PWAS and bonded PWAS for in-situ ultrasonics. For example, Sun et al (1994) utilized the EMIS method for high frequency local modal sensing. EMIS method applies standing waves to a piezoelectric resonator so that this technique can indicate the response of the resonator in terms of the E/M impedance spectrum in frequency domain. The response in frequency domain can be analyzed in varying modes such as the longitudinal (in-plane) mode (Zagrai and Giurgiutiu 2001 , Giurgiutiu 2005 , the thickness (out-of-plane) mode (Kamas et al 2013a (Kamas et al , 2013b (Kamas et al , 2014a (Kamas et al , 2014b (Kamas et al , 2014c .
The analytical in-plane impedance for piezoelectric ceramic transducers such as PWAS has been developed by Giurgiutiu and Zagrai (2000a, 2000b) . One and two dimensional in-plane E/M impedance models for free PWAS and constrained PWAS were derived to model the dynamics of PWAS and substrate structure in terms of EMIS. They assumed the constant electric field to derive the in-plane EMIS. Another EMIS modeling of PZT actuator-driven active structures is carried out by Liang et al (1996) in low frequency range up to 650 Hz in in-plane mode. Park (2014) analytically investigated the EMIS of piezoelectric transducers bonded on a finite beam from the perspective of wave propagation. The analytic solutions of flexural waves are derived for coupled PWAS-infinite beam. Then the concept is used for finite beam in relatively low frequency range. Annamdas & Radhika (2013) also derived E/M admittance model for PWAS bonded on metallic and non-metallic host structures in relativefrequency range up to 500 kHz. Park et al (2003) uses impedance-based health monitoring to interrogate a bolt jointed pipeline system in range up to 100 kHz and they also monitored the curing process of concrete structures in range between 100 kHz-140 kHz. Many other researchers have recently applied in-plane EMIS method for dynamically monitoring the smart structures in different materials and forms (Liang and Sun 1994a , 1994b , Cheng and Wang 2001 , Peairs et al 2003 , Park et al 2012 , Brus 2013 , Pavelko 2014 , Rugina et al 2014 .
For high frequency-band in range of MHz, many rigorous researches on the thickness (out-of-plane) mode theory have been conducted for piezoelectric crystal and ceramic resonators. Tiersten (1963) presented a pioneering work to develop the analytical solution for the thickness vibration of an anisotropic piezoelectric plate. He used the resonator theory with traction-free T 0 = boundary conditions at surfaces of a plate. The analytical study for thickness mode of PWAS-EMIS was performed by Kamas et al (2013) . They aimed to extend the EMIS model of a constrained PWAS at high frequencies (up to 15 MHz). The authors utilized the constant electric displacement assumption used in the literature (IEEE Ultrasonics 1987 , Meeker 1972 and solved the piezoelectric constitutive equations for the thickness mode.
The current study develops the in-plane PWAS-EMIS model under the constant electric displacement assumption and compares it with the corresponding analytical model that was developed by Zagrai under the constant electric field assumption. Then, the analytical thickness mode EMIS models are developed under both electric assumptions. The models are compared with each other in both vibration modes. The analytical models are also validated by both the 2D coupled field finite element model and the experimental results in terms of real part of the complex EMIS of square free (unconstrained) PWAS.
Analytical E/M impedance modeling of PWAS
The modeling of a free PWAS is useful for (a) understanding the electromechanical coupling between the mechanical vibration response and the complex electrical response of the sensor; and (b) sensor screening and quality control prior to installation on the monitored structure.
The following assumptions for PWAS were used for the PWAS-EMIS models. The PWAS of length l, width b, and thickness h, undergoing piezoelectric expansion induced by the thickness polarization electric field, E . Electromechanical resonances reflect the coupling between the mechanical and electrical variables;they happen under electric excitation, which produces an electromechanical response (i.e., both a mechanical vibration and a change in the electric admittance and impedance). When a PWAS is excited harmonically with a constant voltage at a given frequency, electrical resonance is associated with the situation in which a device is drawing very large currents. At resonance, the admittance Y ( ) becomes very large whereas the impedance Z Y 1 ( ) = / goes to zero. As the admittance becomes very large, the current drawn under constant-voltage excitation also becomes very large because I YV. = In piezoelectric devices, the mechanical response at electrical resonance also becomes very large. This happens because the electromechanical coupling of the piezoelectric materials transfers energy from the electrical input into the mechanical response. where S 1 is the in-plane strain tensor, T 1 is the in-plane stress tensor, D 3 is the electrical displacement (charge per unit area) polarized in thickness direction, s E 11 is the mechanical compliance matrix at zero electric field,
e is the dielectric constant at zero stress, d 31 is the induced in-plane strain coefficient (mechanical strain per unit electric field).
Giurgiutiu and Zagrai obtained the following frequency dependent impedance equation that can be used to predict the frequency response of PWAS excited at anti-resonance frequencies. The electro-mechanical impedance follows the electrical impedance function, 
Frequency plots of admittance Y Z 1 ( ) = / and impedance shows the graphical determination of the resonance and antiresonance frequencies. Figure 1 presents the numerical simulation of admittance and impedance response for a piezoelectric active sensor (l 7 mm, = b 1.68 mm, = h 0.2 mm, = APC-850 piezo-ceramic).
In-plane mode of PWAS-EMIS with constant D 3 assumption
This section addresses the behavior of in-plane EMIS model for free PWAS by implying the constant electric displacement D 3 assumption. D 3 is assumed to be uniform over the piezoelectric wafer. Thus, its derivative with respect to x 3 is zero i.e. D x 0.
The general constitutive equations expressing the linear relation between stress-strain and strainelectric field in in-plane mode are 
The coefficients C 1 and C 2 are determined from the stressfree boundary conditions, i.e. T x L 2 0.
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the following system of equations to obtain
Addition of the equations in the equation system (7) will result in
g is assumed to be non-trivial term.
The solution in terms of the strain amplitude is ( ) ( )
The numerical value of the term in the small parenthesis in equation (16) b and c D 11 measured at zero strain and zero electrical displacement respectively. Therefore, the authors show the effect of this difference in PZT constant measurements on the in-plane coupling coefficient ( 31 ) k by using the relations indicated in equation (4). This attempt shows the different constant measurement conditions have a factor whose value is 1.396 so it is considered as a contributing factor as the different conditions apply in the same mode (in-plane mode). Then, the final form of the inplane electric field under constant electric displacement assumption can be expressed as
Upon substitution of equation (19) into equation ( 
Integrate equation (21) over x 1 direction again since it seems variable along direction 1.
Recall the current-charge relation, I Q Q t = = ¶ ¶  / and part b of equation (10) and substituting into equation (24) yields
Including expanded form of the correction coefficient DS, the E/M impedance equation yields
Including the expanded form of the correction term that was defined in Eq.
Out-of-plane (thickness) mode of PWAS-EMIS with constant E 3 assumption
In this section, the behavior of a free PWAS in thickness mode will be addressed with the constant electric field assumption. E 3 is assumed to be uniform over the piezoelectric wafer as schematically illustrated in figure 2. Thus, its derivative with respect to transversal axis is zero i.e. E x 0.
The voltage excitation and the mechanical response in terms of the particle displacement are harmonic, i.e. u x 3 3 ( ) is the complex amplitude that incorporates any phase difference between the excitation and response.
The general piezoelectric constitutive equations expressing the linear relation between stress-strain and stress-electric displacement are given in equation (1). We can form the equations in thickness mode by replacing the both indices i and j with 3. The 1D wave equation (5) can be used by replacing the displacement term with that in thickness mode where the general solution in terms of the displacement amplitude
and the wave number is introduced as the ratio between the angular frequency and the wave speed in thickness direction
2.3.1. Out-of-plane mechanical response with constant E 3
Assumption. We consider the first piezoelectric constitutive equation under the 1D assumption and explicitly express the electric field in the equation for the thickness mode 
The difference between the particle displacements on top and bottom surfaces is infinitesimally small and one can assume 
Summation of the equations in the equation system (31) yields
Substitution of the constants C 1 and C 2 into equation ( ( )
The electrical displacement change along the thickness of a square PWAS at frequency of 1 MHz is presented in figure 3 . The varying electric displacement is determined under constant electric field assumption. Integration of equation ( 
where ISA denotes 'induced strain actuation' and the superscript t ( ) denotes 'thickness mode'. Upon substitution of equation (34) 
The electric current is obtained as the time derivative of the electric charge i.e. I Q i Q.
The admittance, Y , is defined as the fraction of current by voltage. Upon rearrangement of the admittance equation by introducing t, t t 1 2 j g = we obtain the electromechanical admittance equation for PWAS under constant electric field assumption
The impedance, Z, is reciprocal of the admittance, i.e.,
Out-of-plane (thickness) mode of PWAS-EMIS with constant D 3 assumption
In this section, the behavior of a free PWAS in thickness mode will be addressed by implying the constant electric displacement D .
3 Since the axial vibration in thickness direction is assumed to be non-perturbed by other lateral modes because the lateral sizes are assumed to be much greater as compared to the thickness size of PWAS h b l ( )   i.e. the thickness motions are decoupled from width and length motions. Thus, from Gauss' law, due to no free charge inside the transducer, the electrical charge density, i.e. electric displacement, can be assumed to be constant throughout the polarization direction and the gradient of the electric displacement becomes zero as shown in equation (44).
Redwood (1961) explained the basic assumptions from which the mechanical resonant frequencies of a piezoelectric plate resonator is determined. He assumed that the differentials of the electrical displacement with respect to the lateral directions are zero. Therefore, the mechanical resonant frequency was determined entirely by its thickness dimension. ( )
Hence, the displacement amplitude
The wave speed in direction of x 3 axis, c c ,
/ is introduced. C 1 and C 2 are determined from the traction-free boundary conditions T x h 2 0. 
Note that the impedance is purely imaginary and consists of the capacitive impedance, i C 1 , 0 w / modified by the effect of piezoelectric coupling between mechanical and electrical fields. This effect is apparent in the term containing the electro-mechanical coupling coefficient, 33 2 k that is defined for thickness mode EMIS.
Effect of internal damping
The internal damping can be modeled analytically by complex compliance and dielectric constant
The internal damping is implied in free PWAS (the boundaries are unbounded) in order to determine the impedance assuming h and d are 2% in both in-plane and out-ofplane modes derived by both electric assumptions. The impedance equations then become complex expressions. 
the complex capacitor, and
The material properties are given in table 1.
Coupled-field finite element analysis
This section presents the CF-FEA model of a free PWAS in order to illustrate the EMIS calculation. A free PWAS has been modeled without the presence of the host structure in order to have understanding of the multi-physics based modeling approach and its extent of agreement with both analytical and experimental analysis. ANSYS multi-physics software with the implicit solver was used to obtain EMIS computation in frequency domain. To perform the coupled stress and electric field analysis of PWAS transducers, coupled field piezoelectric elements were used. These coupled field finite elements consist of both mechanical and electrical fields. The elements that represent piezoelectric effects in our analysis are the 2D coupled field solid elements i.e. PLANE 13 that have four nodes with displacement degrees of freedom (DOF) along with electric voltage as another DOF. The reaction forces FX, FY correspond to the UX, UY displacement DOF, respectively. The electrical charge Q is the electrical reaction corresponding to the voltage DOF. The charge Q is then used to calculate the admittance and impedance data. The admittance Y is calculated as I V, / where I is the current in ampere and V is the applied potential voltage in volts. The current comes from the charge accumulated on the PWAS surface electrodes and is calculated as I i Q i w = å with w being the operating frequency, i is the complex number, and Q i å is the summed nodal charge. A free square shaped PWAS of dimension 7 7 0.2 mm 3´w as modeled. The APC-850 material properties were assigned to the PWAS as follows 
PWAS-EMIS experimental measurement
The measurement of the intrinsic EMIS was performed with an HP 4194A impedance phase-gain analyzer. For free-PWAS EMIS test, a test fixture was used for measuring the intrinsic EMIS of the PWAS. We used the fixture apparatus to provide the stress-free boundary condition in the experimental set (figure 4). The 7 mm×7 mm×0.2 mm square PWAS was centered on a bolt head and held in place with a probe tip. Thus, the PWAS could vibrate freely. The terminals of the impedance analyzer were connected to the other end of the probe and the metallic base of the apparatus. The PWAS sample was excited by 1 V and scanned over a predetermined frequency range of high frequency band (up to 15 MHz) and recorded in terms of the complex impedance spectrum. A LabVIEW data acquisition program was used to control the impedance analyzer and sweep the frequency range in steps of 1 kHz.
Validation of in-plane mode PWAS-EMIS models
The results obtained from the analytical model of 1D in-plane PWAS-EMIS under constant electrical displacement assumption are shown anti-resonance (impedance) spectra in figure 5 . The analytical result from the in-plane EMIS model with the constant D 3 assumption is also compared with the corresponding analytical result for the constant E 3 assumption as well as the in-plane FEA PWAS-EMIS simulation results in figure 5 . The 1D analytical and 2D FEA in-plane PWAS-EMIS models collide at the first E/M impedance peak, however, discrepancies at higher overtone impedance peaks are observed as frequency increases. In this comparison, the impedance peaks from the model with constant D assumption, as frequency increases, havebetter agreement with the FEA simulation as opposed to the constant E 3 model in the frequency range of 2.5 MHz.
Both thein-plane 1D PWAS-EMIS analytical simulation results from the in-plane EMIS model with the constant D 3 assumption and the corresponding analytical result for the constant E 3 assumption are validated by the experimental results in figure 6 . Both EMIS models collide at the first E/M impedance peak, however, a frequency shiftcan be observed at the other peaks. In this comparison, the impedance peaks from the model with constant D 3 assumption, as frequency increases, appears to be closer to the experimental E/M impedance measurement as opposed to the constant E 3 model in the frequency range of 2.5 MHz.
Validation of thickness mode PWAS-EMIS models
This section compares two impedance results for two thickness mode models for a PWAS resonator. One model assumes that E 3 is uniform over the piezoelectric wafer whereas the other model assumes D 3 the electrical displacement (charge per unit area) is a constant value. The analytical E/M impedance model results from both assumptions and the experimental measurements are presented in terms of the real part of impedance in figure 7 and the imaginary part of impedance in figure 8 . One can notice that the impedance equations in (44) and (58) are purely imaginary and consists of only the capacitive reactance, i C 1 0 w / before it is modified by the effect of piezoelectric coupling terms. Another source for the imaginary part of impedance in the analytical models is the internal damping constants of PWAS as explained in section 3.
As seen in the figures, some discrepancy occurs in both real and imaginary thickness mode impedance curves. The model considers D 3 constant has an anti-resonance peak at around 11 MHz while that of the other model is at a frequency lower than 10 MHz. From the experimental results for the 0.2 thick and 7 mm round PWAS, we can conclude that the thickness mode impedance result for the constant D 3 model has a better agreement with the experimental data thanthe other model as can be observed in figure 7 and in figure 8.
Summary and conclusions
The current study presented the EMIS analyses of PWAS undergoing traction-free boundary conditions. Two main electrical assumptions in the electrical analyses are adopted to develop the in-plane and thickness modes of E/M impedance spectra. The models are compared with each other in both vibration modes. The all analytical PWAS-EMIS models are also validated by both the 2D coupled field finite element model and the experimental results in terms of real part of the complex EMIS of square free (unconstrained) PWAS.
The method of excitation does not change in this study, what changes is only the assumption that authors made. The constant electrical field (E 3 ) is the true assumption for in-plane mode (d 13 ) whereas it does not provide equivalent prediction in the thickness (relatively high frequency) mode as the experimental thickness mode EMIS measurements. Then, for thickness mode (d 33 ), the constant electrical displacement assumption seems to be a better assumption, which is proved as providing a better matching resultwith the experimental EMIS result. One should be aware of the fact that the electrical displacement corresponds to the electrical current as if PWAS is excited by a constant current in high frequency range even though in reality the PWAS resonator is excited by a constant voltage (1 V) and the impedance analyzer senses through PWAS resonator the quasi-dynamic changes in the current and the E/M impedance by the relation Z V I ( ) ( ) w w = / due to the local structural changes. The procedure with the constant D 3 assumption derives the admittance Y I V ( ) ( ) w w = / therefore E 3 ( ) w is a function of frequency. The E/M impedance equations in (2) and (26) do not coincide as those in equations (44) and (58) and this was proved by showing in the graphical EMIS results. For example, in in-plane EMIS mode, as shown in figure 5 , the impedance peaks seem to coincide in the relatively low frequency range but a discrepancy becomes considerable as the frequency increases. The results from the model with the constant D 3 assumption provides better agreement in high frequency range with the 2D CF-FEA model results in comparison with those from the constant E 3 assumption. The 1D analytical models are derived by using two different sets of PZT constitutive equations. For example, equation (26) is derived by using the constitutive equations shown in (3) whereas equation (2) was derived by Zagrai using another constitutive equation set shown in equation (1). Thus, we could imply our electrical assumptions such that the constant electric field is applied to equations (1) and (2) and the constant electric displacement to equation (4) and eventually two different EMIS equations are derived by following two different mathematical procedures starting from two different PZT constitutive equation sets applying two different electrical assumptions.
To conclude:
-The constant electrical displacement assumption in inplane EMIS prediction seems to offer better agreement as compared to the corresponding coupled field finite element result especially in the relatively high frequency range. -The constant electrical displacement assumption also gives better results in in-plane EMIS prediction as compared to the experimental EMIS result. -The constant electrical displacement assumption brings better agreement in thickness mode with the experimental measurement.
